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1. Introduction 



Black-hole solutions emerging in string theory have been extensively studied in the 
recent literature. One of the reasons for such attention is the suggestion that the elementary 
massive string states (with Planck masses) could be identified with black-holes ([[1] and 
references therein) . This identification is not necessarily made in the same string theory but 
usually involves dual pictures: a classical black- hole solution of a string theory ( "soliton" ) is 
identified with a quantum (bound or elementary) state on a dual theory. Identifications of 
this type have been recently employed to provide a statistical derivation of the Bekenstein- 
Hawking entropy by identifying the black-holes solutions with bound configurations of 

D-branes (0,SS0,B0)- 

In the present work, we generate the most general rotating electrically charged black- 
hole solution of the heterotic string compactified on a (10 — -D)-torus (conforming the "no 
hair" theorems). We follow the work of ||, where the particular case D = 4 was studied. 
Related works (using the same rotating technique to generate new solutions from a given 
one) can be found in [M^,TI],[nj| , where cases of different dimensions, charges and number 
of rotation planes where studied. In the present work, we generate a family of solutions 



depending on a mass, 



D-l 



angular momenta 



denotes the integer part) and 36 — 2D 

electrical charges. 16 electrical charges come from the £7(1) 16 of the heterotic string in 
ten dimensions (on a general point on the moduli space of compactifications) and the 
remaining 2 ■ (10 — D) electric charges come from the compactified dimensions (any time 
we compactify a spatial dimension there appears generically two new U(l) gauge fields: 
the Kaluza-Klein U(l) field comming from the metric G^ v and the "winding" U(l) field 
originating from the antisymmetric tensor field B^ v ). These 1 + + 36 — 2D are 

the largest number of parameters labeling these stationary black-holes conforming the "no 
hair" theorems. In section 2 we introduce the action for the heterotic string compactified 
on a (10 — _D)-torus. The solutions we are about to introduce satisfy the equations of 
motion derived from this action. In section 3 we describe the generalization to any D of 
the solution generating technique of f| which generates new solutions to the equations of 
motion from a given one. We will show that the generating boosts depend on 36 — 2D 
free parameters, in such a way that if we rotate the Myers and Perry metric |13|] (which 

already depends on 1 + parameters corresponding to the mass and angular momenta 

associated to rotations in all commuting planes) we generate the most general solution we 
want to construct. In section 4 we carry out the rotation and obtain expressions for the 
family of new solutions. Finally, in section 5 we study general features of these general 
black-hole solutions, like the mass, electric charges, angular momentums, ergosphere and 
horizons. 



2. The Heterotic String Compactified on a (10 — L>)-Torus. 

The low energy effective theory of the ten-dimensional heterotic string corresponds to 
N = 1 supergravity coupled to £7(1) 16 super Yang-Mills (on a generic point of the space 
of compactification) . The bosonic content of this theory is given by the metric Gab, the 
dilaton $, the antisymmetric tensor Bab and the U(l) gauge bosons A A (where A, B : 



1 



0, 1, ...,9, and / : 1,2, .., 16). When we compactify on a (10 — -D)-torus, the metric Gab 
induces the D-dimensional metric G^, 10 — D U{1) Kaluza-Klein gauge bosons G^i and 
[ll-D)(10-D)/2 scalars G y ( here fi, v : 0,1, ..D-l, and i, j : 1,2, ..10- D). The gauge 
U (1) bosons A A originate 16 U (1) gauge bosons A 1 ^ and 16- (10 — D) scalars A\ . Finally, the 
antisymmetric tensor field Bab induces the two form B pv , 10 — D U(l) "winding" gauge 
bosons B^i and (10 — D)(9 — D)/2 scalars Bij. Then, the total number of gauge bosons 
of the compactified theory is 36 — 2D. These gauge bosons can be arranged in a column 
matrix of vectors A^ (where a : 1, ..,36 — 2D). The total number of scalars (excluding 
the dilaton) is 260 - 36D + D 2 . These scalars can be arranged in a (36 — 2D) x (36 — 2D) 
matrix M = M T valued on the group G given by: 

MCG C- Q ( 10 -A26-P) , , 

MCG ' G ~ 0(26-D)x O(10 -D) (2 ' 1} 

This matrix fulfills MLM T = L where L is the matrix given by: 

\° r° ) (2-2) 

(I n is the n x n unit matrix). One can easily check that the dimension of G is precisely 
260-36£> + £> 2 , in such a way that the scalars of the theory (excluding the dilaton) fit in 

G. In terms of M, A^\ B pv and L, the action for the heterotic string compactified on 



a (10 — _D)-torus takes the form [[14 



S = C J d D xV^Ge- <s> [R G + G^d^dv® + ^G^Tr(d^MLd„ML) 



1 

r~ip,p /~ivv r*PP U U 
— Lr^ (jr Lr Hr Si fj,i> p-tl p,' u' p' 

G^'G™'Ffr\LML) ab F$l] 



(2.3) 



where 
and 



F$ = d,A^ - d u A^ (2.4) 

H^ p = d p B vp + 2A^L ab F% + cyclic. (2.5) 

It is straightforward to check that this action is invariant under global rotations Q 
leaving the matrix L invariant (OLO T = L): 

M -> OMO T , A&> -> n ab A^ (2.6) 
Under these rotations, G^, B pv and $ remain invariant. 



3. The Solution-Generating Technique, "Bar" Fields. 

Here we describe in some detail the solution-generating technique by following the 
work of Sen M where the case D = 4 was studied (see also [O,0,fOl|llJ). This technique 
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can be used to, given one time-independent solution of the equations of motion of the 
action ( |2.3|) , generate a new family of time-independent solutions. If we restrict ourselves 
to time-independent backgrounds we find two new U(l) gauge fields in the theory: B Qm 
and The first U(l) gauge field is related to the time-independent gauge invariance 

5B m o = d m Xo — do\ m = d m Xo. The second gauge field is related to invariance under 
local time-independent translation of the time coordinate. One can add these two new 
£7(1) gauge fields to our 1 x (36 — 2D) column matrix of vectors A^f 1 and define the 
1 x (38 - 2D) matrix of vectors (a : 1, 2, ..38 - 2D) given by: 

A£) = - ^A { a) 1 < a < 36 - 2D 
Goo 

J(37-2D) _ l^On /, ^ 

n o r~i ' 

A^-™) = lB Qn + A^L ab AW 

(note that A Q a ^ is a scalar under time-independent general coordinate transformations). 

Also, the (36 - 2D) x (36 - 2D) G- valued matrix M is promoted to a (38 - 2D) x 
(38 — 2D) matrix M. The elements of the M matrix are given by (M = M T ): 



A {a) A [b) 

M ab ee M ab + 4 1 < a, b < 36 - 2D 
(j-oo 

A {°) 

M a ^ 2D = -2-^- l<a<36-2D 
Goo 

1 



37-2ZX37-2D 



^00 

M a , 38 -2D = 2(ML) ab A^ + 4 [A ° L n bcA ° } A Q a) 1 < a < 36 - 2D 



00 



_ (A^L bc Ai c) ) 

lVl3i-2D,38-2D = — 



Goo 

M 38 -2D,38-2D = Goo + AA$\lM L) bc A^ + 4 [A ° L ' cA ° } 

(j-oo 

Also, one defines a "bar" metric by: 



and a "bar" antisymmetric tensor: 



Finally, the "bar" dilaton is defined through: 



(3.2) 



<J"00 



B nm ee ]-B nm + ^{A^L ab A { G b) - ]-B 0m ) - (n <- m) (3.4) 

Z (_T * 
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$ = $ - 1 ln(-Goo) (3.5) 

For time-independent field configurations, the action Q2.3|) can be written in terms of 
the "bar" fields as: 

S = C J dt J d D - l x^Qe-^[Ra + G mn d m $d n $ + ^G mn Tr(d m MLd n ML) 

fymm' Finn' Fill 1 fr fj (3.6) 

-G mm 'G nn 'F£l(Lm)- al F%l,} 

where now: 

Cn = dmA~n — d n A£ (3-7) 

tf mn ; = d m B nl + 2A^L- al F$ + cyclic. (3.8) 
(1 < a, b < 38 — 2.D) and L is given by: 



(3.9) 

(L is the one in (|2.2| )). Again, one straightforwardly verifies that this action is invariant 
under the 0(1 1 — D, 27 — .D) rotations leaving the matrix L invariant (OLO T = L): 

M —> M' = OMO T 

_> 4'(o) - o (3.10) 

Once more, $, C7 nm and S nm remain invariant under this 0(11 — D : 27 — .D) rotation. 

The spirit of the solution generating technique is the following. The rotation ( |3.10| ) 
in the space of time-independent backgrounds mixes the "genuine" initial (36 — 2D) U(l) 
gauge fields with the components Gqq and c7 0n of the metric tensor and the com- 




ponents Bo n of the antisymmetric tensor (as can be seen in ( |3.1|) ). Then, through this 
mixing one is able to generate new non-trivial solutions to the equations of motion of ( |2.3j ) 
(non-trivial means that we do not produce equivalent solutions). Note that due to the 
fact that we do not have magnetic charges (monopoles) the gauge fields are well defined 
globally and so, the new metrics obtained after rotation (with whom the original gauge 
fields mix) are also well defined. 

Let us now prove that the non-trivial generating rotations leaving invariant the asymp- 
totic behaviour of the solution are labeled by 36 — 2D free parameters. As we noted above, 
not all the 0(11 — D, 27 — D) rotations are allowed. O must satisfy OLO T = L. Let us 
study this condition (we follow the lines of [§]). The first observation is that the U matrix 
given by: 
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u 




(3.11) 



diagonalizes L: 



L d = ULU J 



Then, we can write the condition £ILQ T 



f- 


-I2G-D 








\ 







-flO-D 
















1 





\ 











-1/ 


T 


= L as 


(U T U = 


-^38- 


-2D)'- 



(3.12) 



Sl d L d Sl d = L d (3.13) 

where we have defined Vt d = UVtU T . In an asymptotically free space-time (where, at 
infinity, G^ v — > r]^ v and A£ — > 0), M has the asymptotic form: 



M 








-1 








(3.14) 







-1 



(where we take M = I^q-d)- From (|3.12| ) and ( |3.14|) we conclude || that Vt d (and then, 
itself) belongs to a subgroup 0(1, 26 - D) x 0(10 - D, 1) of 0(11 - D, 27 - D). The 
0(1, 26 — D) rotates the first 26 — D elements and the element 37 — 2D of a column vector 
between themselves whereas the 0(10 — D, 1) rotates the elements 27 — D, .., 36 — 2D and 
38 — 2D of a column vector between themselves. However, not all the elements of the 
subgroup 0(1, 26 — D) x 0(10 — D, 1) generate new solutions. We have to quotient by 
the global symmetry transformations O in ( |2.6| ) of the action ( |2.3| ) that do not generate 
new solutions. Then, we have to quotient 0(1, 26 — D) x 0(10 — D, 1) by the 0(26 — D) 
rotations mixing the first 26 — D elements of a column vector between themselves and 
the 0(10 — D) rotations mixing the elements 27 — D : ..,36 — 2D between themselves. 
Summarizing, the rotation group in the 38 — 2D internal space generating inequivalent 
solutions of the equations of motion associated to the action (|2.3|) is given by G: 



G 



0(1,26 -D) x 0(10 -D,l) 



(3.15) 



0(26-L>) x 0(10 -D) 

One can easily verify that the dimension of G is precisely 36 — 2D. 

The strategy to generate the most general electrically charged black-hole solutions in 
the heterotic string compactified on a (10 — _D)-torus is now clear. First, we take as the 
generating solution the one given by: 



G 



G 



MP 



M = I- 



$ = B 



flis 



36-2D 
4(a) _ 



(3.16) 
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where G^f u p is the metric of Myers and Perry (see next section), which from now on we 
will refer as the MP metric. This metric is designed for dimensions D > 3 and we will 
assume from the rest of the paper that this is the case. The MP metric already depends on 
1 + [ jP ^" 1 ] parameters: the mass and the angular momentums associated to the maximun 
allowed number of rotating planes. M has to be an element of G and /36-2D is the 
simplest choice. ( |3.16| ) is trivially a solution of the equations of motion of the action ( |2.3j ) 
(essentially, the constant fields satisfy automatically the equations of motion leaving as the 
only non-trivial equations the Einstein equations in vacuum, to which GffJ 3 is a solution). 



The next step is to use the solution ( ^.16| ) to define the "bar fields" ( |3.1[ ) and (| 
In particular is given by (substitute (|3.16|) in the definitions (|3.1|) and (|3.2|) ): 



A^ = \^5- a ^ 2D (3.17) 

and M is given by: 

M^l (G* ou )- J I (3.18) 





One then performs the Q rotation (depending on 36 — 2D free parameters) and gets i^"' 
and M'-t. Finally one goes backwards in the relations (|3.1| ) and (|3.2| ) and recovers the 

new solutions G' M', A'^ and B' ' fiU . The metric G' ^ so obtained depends on 
1 + [ £> ~ 1 ] + 36 — 2D parameters, and then is the most general electrically charged black- 
hole solution allowed conforming the "no hair" theorems. 

In the next section we explicitly carry out the G rotation and find the new solutions. 



4. The General Solutions. 

Let us first suppose that we have performed the rotations in ( |3.10|) and obtained 

ab 

ab' 



the vector i^"' and the matrix M'. z . We can use the relations defining the "bar fields" in 

ab ° 

J]) and (|3.2|) to obtain the new solutions in terms of these and MLt. For instance, 



in (|3.2|) we see that G'oo is just given by: 



As another example, we easily obtain A G from (| 



G" 00 = (4.1) 

M' 

IV1 37-2D,37-2D 
(a) 



At = -^M;3 7 - 20 = - 9M M " 37 - 2 " 1 < a < 36 - 2D (4.2) 

In a similar way one can compute the expressions for all the fields of the new solutions 



in terms of the elements of the rotated vector An arid the rotated matrix M'.t. Let us 

ab 

collect the result. The new metric is given by: 
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1 t/(37-2D) 
n> r>< — o n 

ivJ 37-2D,37-2D iw 37-2D,37-2D 

^ ^ Z'(37-2D) t/(37-2D) 



Gqq -^37-2D.37-2D 



The dilaton is given by: 



The expressions for the U(l) gauge fields are: 

,/(o) 1 ^a,37-2D 



Ay =~ "' J '~^ Ka< 36 -2D 



1 M' 

* ivi 37-2D,37-2D 



(4.3) 



= ln(G 00 M37-2D,37-2D) (4-4) 



(4.5) 



M' 

Al(a) _ T/( a ) _ _ iM a,37-2£> 7/(37-2£>) 
n n tT>/ n 

iW 37-2D,37-2D 

The scalar fields of the new solution are given by: 

M' M' 

M' ah = M' ab Q ^" 2D h ^- 2D i < a , b < 36 - 2D (4.6) 

-^37-2D,37-2D 

And finally, the new antisymmetric tensor is given by: 



M' 

o/ _oJ/(38-2D) , IVI a,37-2D f T /(b ) 

IVI 37-2D,37-2D 

tdI _1 R i ^On 4 (o) r 4(6). R G 0™ 
A (jtoo ^00 

+ ~ Ar- 2D) A'^L ab M^ 7 _ 2D + 2Af<-™)AT- 2D) - (n ~ m) 

1V1 37-2D,37-2D 

(4.7) 

(note that this last expression simplifies in our case, because we are going to rotate the 
solution ( |3.16|) where $ = A^ = B^ v = 0). What remains now is to compute the rotated 
vector An and matrix MLr and substitute the result in the expressions ( |4.3| )- (|4.6| ) to 



ab 

obtain the final solution. In ( |3.15| ) we saw that the generating boosts are elements of the 
group 

Q(l, 26 -£>)x O(10 -£>,!) u ^ 

fc 0(26 — _D)O(10 — D) 1 SJ 

We also saw that Via = UVtU T is such that the 0(1,26 — D) rotates the first 26 — D 
elements and the element 37 — 2D between themselves whereas the O(10 — D, 1) rotates 
the elements 27 — D, .., 36 — 2D and 38 — 2D between themselves. The 0(26 — D) and 
O(10 — D) that we are quotienting out are the rotations between the first 26 — D elements 
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and the rotations between the elements 27 — D, .., 36 — 2D respectively. The simplest way 
to parametrize this 0^ is the following ||: 

n d = UnU T = R(p, q) ■ B(a, f3) (4.9) 

where B(a, (3) performs a boost of angle a between the elements 26 — D and 37 — 2D and 
a boost of angle f3 between the elements 36 — 2D and 38 — 2D: 

B ( a : P)a,b = S a,b + (cosh a - l){5a,26-Dh,26-D + 5 a,37-2D^ j37 _ 2D ) 
+ Smha(da,26-Dh,37-2D + 4,37-21)^,26- d) 
+ (cosh/3 - 1)(4,36-2Z)4,36-2D + 4,38-20^,38-20) 
+ sm h/3(<5a,36-2lA,38-2D + 4,38-2d4,36-2.d) 



(4.10) 



and R(p, q) is given by R(p, q) = R26-d(P)®Rio-d(q)®I2 where -Rat(/c) is a iV-dimensional 
rotation matrix rotating the iV-dimensional column unit vector (0,0, ..,0,1) to the N- 
dimensional unit vector (k±, hi-, ■■, kjsr): 



ki 2 

[R N [k)]ij =Sij [(l - \ )(1 - 5 iN ) + k N 5 iN ] 

- L + k N (4.11) 

+ (1 - 5ij) \(5 iN + 5 jN - 1) 1 3 — V h5 jN - kj8i N ] 

1 + kn 



As a consistency check of this parametrization of the generating boosts, note that the total 
number of parameters of the matrix Qd are 25 — D coming from the unit vector p, 9 — D 
coming from the unit vector q, and the two boost angles a and (3, making a total of 36 — 2D 
parameters (precisely the dimension of the group (|4.8|) ). 

Now, we are in position to perform the boost of the vector and the matrix M^b- 
First, we boost An . We need to compute: 

Af ] = tt- al Af = [U T R{p, q)B(a, fS)V)**f ( 4 - 12 ) 

From our expressions ( |3.11| ), ( |4. 1U[ ) , ( J4.11| ) , and ( ^.17| ) one gets the following result: 

-r l(n \ sinhctGon n ^ 

A' (a) = ^^p a Ko<26-D 

2^2 Goo 



A ,(a+2 6 -D) = ™^ Gon I < a < 10 — D 

2V2 Goo 

A f7-2D) = h cosha + CQshf3) G 0n 
4 Gr 

If 8 - 2 ^) = i(cosha-cosh/3) G ° r 



(4.13) 



00 



4 V "'Goo 
Now, we compute M' . We need to calculate, in this case: 

M' = ttMtt T = U T R(p, q)B(a, f3)UMU T B T (a, P)R T (p, q)U (4.14) 



The result is: 



ML 



a,b+26 



Mi 



a+26-D,b+26 



ML37-2D 



M' 

lvl a+26-D,37-2D 



37-2D 



M' ah = 5 ab + (1 + G+)sinh 2 ap a p b 1 < a, b < 26 - D 
_ D = sinhasinh f3G~p a q b 1 < a < 26 - D, 1 < b < 10 - D 
D = S ab + (1 + G+)sinh 2 /3gV 1 < a, 6 < 10 - D 



G 



1 p a 



a 



Coo 
A 



00 
+ 

2 g a 



G 



00 



1 < a < 26 - D 
1< a < 10 - D 



(4.15) 



m' 

lvl a+26-D,38-2D 



M' 

1V1 37-2D,38-2D 



G 



00 



G 



00 



M' 

1V1 3S-2D,38-2D 



1 < a < 26 - D 

1 < a < 10 - D 
8 



G 



00 



where we have defined: 
G ± 



(17 



77(7^— ± G oo] 

sinh a 
2 

sinh /3 



—=r- [cosh ck ± cosh (3 + 2 cosh ctGoo + (cosh ct =f cosh /3)Gqq 2 ] 
v2 



— j=- [cosh a ± cosh (3 ±2 cosh /9G o - (cosh a =F cosh /3)G o 2 ] (4.16) 
v2 

1 G G 2 

A = -(cosh a + cosh f3) 2 H — — (sinh 2 a + sinh 2 /3) H — (cosh a — cosh /3) 2 

5 = -(cosh 2 a — cosh 2 /3)(1 + Goo 2 ) + - (sinh 2 a — sinh 2 (3)Gqq 



Now, we are ready to substitute these results in ( fO| ) -( f4.7|) to obtain the final solution. 
Here we collect the result. The boosted metric reads: 



G'oo — 



G 



00 



A ' 

G rim G nm ~f- 



G'on = - (cosh a + cosh (3) —^r— 

GonGo m 



(cosh a + cosh (3)' 
4A 



- 1 



(4.17) 



G 



00 



The boosted dilaton is: 



-In A 

2 



(4.18) 
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The U(l) gauge fields are given by: 



A ,(a) _ 

^1 n — _ . 



A 



,(a+26-D) 







A' 



(a) 



A 



/(a+26-£>) 



a l a 

2A P 



a 



+ 

2 „a 



2A 



V2 
sinh 3 



1< a < 26 - £> 



sinh a a 



1 < a < 10 -D 

+ 



^- (cosh a + cosh /3) 



Go r 



,+ 



— (cosh a + cosh 3) 



oo 
<j-oo 



(4.19) 



The boosted scalars are: 



M' ab = 5 ab + (l + G+)sinh 2 a 



+ ^2 



(or) 

AG 



p> & 1 < a, 6 < 26 — .D 



M' 



a+26-D,6+26-D — "at 



= s ab + 



;i + G+)sinh 2 /3 



00 



AG, 



oo 



Q a g b l<a,6<10-D 



M' 



a,b+26-D 



G sinh a sinh /3 



AGoo 

Finally, the boosted antisymmetric tensor reads: 



P a q l<a<26-D,l<b<10-D 

(4.20) 



B Or 

J_j j irr 



1 / 1 at sinh 3 — at sinh a \ Go n 
- cosh a — cosh n H — — — 

2 V V2 A J Goo 





(4.21) 



At first sight, some of the previous expressions seems to be ill defined over the ergosphere 
(i.e., the surface defined by Goo = 0). However, a closer inspection shows that all the fields 
are well defined when Goo = (see section 5). 

Note that the previous expressions are valid for any metric G^„ satisfying the Einstein 
equations in the vacuum. The only information that we have used so far is that (see ( p.!6|) ) 



M = he -2D and $ = B 



\1V 



A 



(a) 



0. Now, to have the most general electrically charged 



black- hole solution of the heterotic string compactified on a (10 — L>)-torus we have to 
substitute the Myers and Perry metric G^fJ 3 in the relations ( f4.17| )-( fi.21| ). Here we give 
the MP metric in polar coordinates which are the best adapted to the symmetry of a 

D-l 



rotating black-hole in 
spherical coordinates 
plane of rotation (there are 



commuting planes (with more than one plane of rotation, the 
ead to complicated, long and asymmetrical expressions). On each 



D-l 



we select polar coordinates (rj,#j) (i : 1, 



D-l 



When the spatial dimension (D — 1) is odd, we have to introduce another coordinate z, 
labeling the direction in which there is not rotation. Oj is the rotation parameter along 
the plane labeled by the coordinates (ri,6i). The MP metric is given by (remember that 



10 



D>3) 0: 



r^MP 
^"00 



riMP 



h-1, 



h 



G 



MP 



P 2 + Cli 2 

Sij + h 



r MP _ u P Ti 

r MP_ (i-Hn ^ 

^Oz — 7) n ~ 

z p 



MP 



G 



qMP 



n MP 



h 



paiT^Tj 



( p 2 + a .2 )(/9 2 + ai 2 : 



G 



MP 



-h- 



(4.22) 



P 2 + a,i 



r^Sa + h 



didjr^rj 2 



1 lJ ' 'V + a .2 )(/9 2 + a .2) 
l-(-l)^" 1 ) 



-h 



aiTi 2 z 



[l-i-l) - 1 ) 



p(p 2 + Cli 2 ) 



G 



MP 

zz 



1 + h — 



D-l 



In the previous expressions, p = p(ri,a,i) (i : 1 
constraint: 

(l-(-l)^- 1 ). 2 



2 v p< 

is the function defined by the 



E 



p 2 + Cli 2 



+ 



1 



and h is given by: 



being: 



p z 



(4.23) 



h 



(i + (-ir- 1 ) pp 2 (i-(-i)^- 1 ) pp 



UF 



UF 



n = U(p 2 + 



2 2 

cii 



(p 2 + a, 2 ) 2 



(4.24) 



(4.25) 



An important consequence of the constraint fl4.23| ) (useful when computing the conserved 
charges at infinity) is that: 

_ (4.26) 



lim p 2 = \ 



i£U L 



D-l 



where Ul = (r^, •-,rj i ) is any subset of the radial polar coordinates r{ (i : 1, 

It is convenient to remark that the MP metric does not depend on the time t nor the 
polar angles 0$; it is obviously invariant under time translations and 9i translations. The 
Killing field associated to the first isometry is: 



d_ 

ITt 



(4.27) 



and the associated conserved charge is the mass. On the other hand, the Killing field 
associated to translations on 9i is: 

f = k <4 - 28) 
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and the associated conserved charges are the angular momenta due to the rotations along 
the corresponding planes. These isometries are also isometries of the rotated metric ( f4.17|) , 
because it is still independent of the time t and the polar angles 9i. They play an impor- 
tant role when computing the mass, the angular momentums and horizon of the general 
electrically charged black-hole. 



5. Conserved Charges, Ergosphere and Horizons. 

In this section we are going to discuss general properties of the electrically charged 
black-holes that we have obtained in ( ^.17| )-( ^.21| ). First, we compute the conserved charges 
of the solution, starting with the mass and the angular momentum. The appropriate metric 
to use is the Einstein metric, related to ( [1171) (from now on we take G^ u = G^„ in ( §37]) ) 
by the following relation: 

C = e ^ G V- (5-1) 

The ADM mass is the charge corresponding to the Killing vector field ( |4.27| ) and is 
related to the invariance of the system under global time-translations. One obtains: 

M = -(1 + (D - 3) coshacosh/3)^0 D _ 2 (5.2) 

£4 

where is the area of the unit (D — 2) -sphere. The angular momentum J{ is the charge 

corresponding to the Killing vector field (|4.28|) and is related to invariance of the solution 
under global translations of the polar angle 0j. The result is: 

Ji = -(cosh a + cosh (3) iiaiflr) -2 (5-3) 

For the electric charges of the black-hole one obtains: 



Q{a) = V_^ D _ 3) sinhojcosh/VfiD-a, 1 < a < 26 - D 
V 2 

Q (a+26 " D) = -^=(D - 3) sinh/?coshaQ a O D _ 2 , 1 < a < 10 - D. 
a/2 



(5.4) 



Let us now localize the ergosphere. The ergosphere is the surface of space-time defined 
by the equation G'q = 0. In our case, from (|5.1| ) and (|4.17|) we get: 



G'; = A^C = (5.5) 

This equation, for finite boosts angles a and (3, has the solution GqI p = 0. Then, the 
ergosphere of the boosted black-holes are at the same place as the ergosphere of the MP 
metric. From ( |4.22| ) we find that the ergosphere is in the region where h = 1, and then, is 
defined by the equation (see ( [4.24]) ): 

TIF = up 2 for D — 1 even 

(5.6) 

TIF = up for D - 1 odd 
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One can check that all the fields are well defined over the ergosphere and that, most 
notably, the scalar fields take constant values there (as one can easily show from ([4.1 8| ) 
and flOCD ): 



erg 



In 



cosh a + cosh (3 



M' ab \ erg = 5 ab + sinh 2 ap a p b 

M' a+2 6-D,b+26-D\erg = $ab + SUlh 2 (3 q a q b 



1 < a,6< 26 -2D 
1< a,b < 10 - D 



(5.7) 



M' a;b+26 -D\erg = 0, 1 < O < 26 - d, 1 < 6 < 10 - £>. 

Also, the temporal component of the gauge fields are constant on the ergosphere: 

1 sinh a 



(a) _ 4/(0)1 

— I erg 



(a+26-D) _ ^ 



cosh a + cosh (3 
(o+26-J3). _ 1 sinh/? 



P 



| erg 



cosh a + cosh /3 



q a , 



1 < a < 26 - D 

1 < a < 10 -D 



(5.8) 



Surprisely, we will see below that <J)W' (1 < j < 36 — 2L>) coincides with the electrostatic 
potential in the event horizon. 

Let us now talk about the horizons of the electrically charged black-holes. We are 
going to compute the location of the horizons by using the covariant method of Carter 



lq| . First we construct the "Killing form" (a 



D-l 



+ 1 form): 



K = K^.^dx^dx^ A • • • A dxf* 



(5.9) 



where we have defined p 



D-l 



and: 



(5.10) 



(£* and £ l are the Killing fields given in ( fl.27| ) and ( |4. 28| ) ) . The horizon is then located 
at the hypersurface in space-time where the norm of this form vanishes (\K\ 2 = 0). Let 
us denote by \K'\ 2 the norm of the Killing form computed with the metric ( f4.17|) (where 
G^iu = Gfftf) an d by \K MP \ 2 the norm computed with the MP metric. From ( f4.17|) one 
finds: 

\K MP \ 2 



K 



l\2 



(5.11) 



As a result, for finite rotation angles a and (3, the horizon of the electrically charged black- 
holes are localized in the same place as the horizon of the MP metric (however, the area 
of the horizon changes due to the change of the metric). The solution to the equation 
\K MP \ 2 = is given by: 

IT = up for D even 

(5.12) 



n 



for D odd 



13 



These equations has been studied by Myers and Perry ([T3|). Looking at the form of IT 
Q4.25Q we see that (]5.12|) , for D even, is a polynomial equation of degree D — 2. This 
means that, if they gave solution(s), one can write an explicit formula for them in the 



D-l 



in p 



Therefore, the 
8, 10 have 



cases D = 4, 6 *. For D odd ( |5.12|) is a polynomial of degree 
solution(s) (if any) can also be written explicitly for D = 5, 7, 9. The cases D 
to be studied separately. 

In [O it is shown that ( |5.12[ ) can have, at most, two solutions p% leading to the 
inner horizon and the event p^ horizon. The degenerate case with only one solution 
{p^j — > pjj) gives the extremal black-hole solution. Finally, the cases with no solution 
produce naked singularities. 

We now wish to compute the physical quantities relevant in black-hole thermodynam- 
ics. First, we compute the null generator k' of the event horizon of the charged black-holes 
(from now on primes denotes quantities associated to the boosted black-hole whereas un- 
primed denote those associated to the unboosted MP metric), k! is the combination of 
Killing fields ( [4.27| ) and ( |4.28| ) that becomes null on the event horizon. Then, we define: 



fc' = \<i< 



D - 1 



(5.13) 



Demanding on the event horizon that \k'\ = G ^ u k'^k' u = (where G ^ v is the metric 
given in (|5.1|)) we get: 



n'< = ( 



)■ 



cosh a + cosh (3 p+ _|_ fl 2 



(5.14) 



To obtain the previous result we have used the fact that, on the event horizon, from (|4.24| ) 
and ( |5.12| ) we have: 

Mot. = 4 (5-15) 



The electrostatic potential on the surface of the horizon is given by: 



(5.16) 



Notably, from (f4.19| ), ( |5.13| ) and ( p.!4|) (and using again (|5.15| ))one finds that the electro- 
static potential on the horizon (which is constant) is precisely the temporal component of 
the gauge fields on the ergosphere (as we anticipated in (|5.8|) ). This seems to be a general 
rule common to the solutions constructed using the generating technique, and we have 
checked that the same coincidence happens for the Kaluza-Klein black holes of |TB[. Next, 
we compute the surface gravity k' of the rotated black-holes, k' is defined through the 
equation: 

k'^V^k'" = K r k' u (5.17) 



* Here we recall briefly the Galois' theorem: the roots of a generic polynomial in p of order n 
are soluble in terms of radical expressions only for n = 2, 3, 4. 
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evaluated on the horizon (V' is the covariant derivative with respect to the metric (|5.1|) ). 
After a long (but trivial) computation we get a simple answer: 



k' = — —k (5.18) 

cosh a + cosh p 

where k is the surface gravity of the rotating black-holes without electric charges: 

d p U-2pp 
K=- tL - — 5 — l+, for odd D 

k = — n + , for even D 

Of course, p H is a constant on the event horizon and, as a result, k is also a constant there. 
Finally, the area of the horizon is given by: 

A'h = (cosh a + cosh (3) (D - 3 - 2 — ? ) Q d-2- (5.20) 

The most efficient way of computing the area is by noting that kAh (as is the case for 
&iJi) is an invariant under the generating boosts (this is also true for the Kaluza-Klein 
black holes of ||16|1 ). Then, using the result of Myers and Perry for the area of the unboosted 
case we arrive at ( |5.2U| ). 

The case of [ p ~ 2 ] rotating planes and two electric charges was discussed in |HJ (which 
appeared after completion of this work) . 
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